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KLR Algebras

Definition [KL09, Rou08]

Fix α ∈ Q+ such that ht(α) = n, the KLR algebra Rα is a k-algebra with
generators: e(i),yk ,ψj subject to the following relations:(1 ≤ k ≤ n,
1 ≤ j < n and i ∈ Iα)

e(i)e(j) = δi,je(i),
∑
i∈Iα

e(i) = 1 (1)

yre(i) = e(i)yr , ψre(i) = e(σr i)ψr (2)

yrys = ysyr , ψrψs = ψsψr if |r − s| > 1 (3)

ψrys = ysψr if s ̸= r , r + 1 (4)

ψryr+1e(i) = (yrψr + δir ,ir+1)e(i) (5)

yr+1ψre(i) = (ψryr + δir ,ir+1)e(i) (6)

ψ2
r e(i) = Qir ,ir+1(yr , yr+1)e(i) (7)

ψrψr+1ψre(i) = ψr+1ψrψr+1e(i) + Qir ,ir+1,ir+2(yr , yr+1, yr+2)e(i) (8)
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Cyclotomic KLR algebra

Given Λ ∈ P+, the cyclotomic KLR algebra RΛ
α is defined as the quotient

of Rα by the relations

y
⟨Λ, αi1 ⟩
1 e(i) = 0, i ∈ Iα.
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Important Results

KLR algebras categorify the negative part of quantum groups.
[KL09, Rou08]

Cyclotomic KLR algebras categorify highest weight modules V (Λ).
[KK12]

In type A
(1)
e−1, cyclotomic KLR algebras are isomorphic to Ariki–Koike

algebras. [BK09]

Cyclotomic KLR algebras of type A
(1)
e−1 are graded cellular. [HM10]

. . . and many more.
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Permutation Modules

Fix a dominant weight Λ and a partition λ = (λ1, . . . , λr ). For each row of
length λi , there is a unique one-dimensional irreducible Rαi -module,
denoted Li , where αi = cont(λi ). The outer tensor product

L1 ⊠ L2 ⊠ · · ·⊠ Lr

is a module over Rα1 ⊗ Rα2 ⊗ · · · ⊗ Rαr . Since Rα is a free over this
subalgebra, we define the permutation module Mλ by

Mλ := IndRα
Rα1⊗···⊗Rαr

(
L1 ⊠ L2 ⊠ · · ·⊠ Lr

)
.

Theorem [KMR12]

The module Mλ has a k-basis indexed by all row-standard tableaux of
shape λ.
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Specht Modules

Theorem [KMR12]

The Specht module Sλ over the cyclotomic KLR algebra RΛ
α is isomorphic

to the quotient of the permutation module Mλ by the Garnir relations.

Example

Let λ = (4, 3, 3, 1) with Young diagram .

Choose the Garnir node A = (2, 2). Then the Garnir tableau GA is

1

7

8 9 10

11

4 5 6

2 3 .
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Universal Construction

Theorem [KMR12]

The Specht module Sλ is isomorphic to (Rα/J
λ)⟨degTλ⟩ where Jλ is

generated by the following relations:

e(j)− δj,iλ for all j ∈ Iα.

yr for r = 1, . . . , n.

ψr whenever r and r + 1 appear in the same row of Tλ.

gA for each Garnir node A ∈ [λ].

Remark

In our case, gA = ψGA
for each Garnir node A and Garnir tableau GA.
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Specht Filtration?

We seek a filtration

Mλ = M0 ⊋ M1 ⊋ · · · ⊋ Mk ⊋ Mk+1 = 0

such that each quotient Mi/Mi+1 is isomorphic to a Specht module Sµi

(as an Rα-module) with µ0 = λ.

Warning

Such a filtration does not always exist!
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Generalized Specht Filtration in Type A∞

Let λ = (λ1, . . . , λk) and, for each 1 ≤ i ≤ k − 1, fix a Garnir relation ψAi

between rows i and i + 1.

Theorem [Q.25]

For 1 ≤ i ≤ k − 1, let Mi be the Rα-submodule of Mλ generated by

⟨ψAi , . . . , ψAk−1 ⟩.

Then
Mλ = M0 ⊋ M1 ⊋ · · · ⊋ Mk−1 ⊋ Mk = 0

is a filtration such that for each 1 ≤ i ≤ k − 1, there is an exact sequence

0 → Sµi, ki → · · · → Sµi, 1 ↠ Mi/Mi+1 → 0,

where each Sµi,j is a Specht module over R
Λ(i)
α and µi ,j ⊵ µi ,j+1 for all

admissible i , j .
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Hook Partition Case in Type A
(1)
e−1

In the hook partition case, the same construction yields a Specht filtration.

Example

Let λ = (4, 13) and Λ = Λ0 in type A
(1)
5 . Then there is a Specht filtration

Mλ = M0 ⊋ M1 ⊋ M2 ⊋ M3 ⊋ M4 ⊋ 0

with
Sλi ∼= Mi/Mi+1, λ0 = λ, . . . , λ4,

where λ = λ0:

0 1 2 3

4

3

2

λ1:
4 0 1 2 3

3

2

λ2: 0 1 2 3 3 4

2

( )
λ4: 0 1 2 3 4 2 3

( )
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End

Thank you!
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